Low-Frequency Admittance as Probe of Majorana Fermions 
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We investigate the admittance of a metallic quantum RC circuit with a spinful single-channel lead 
or equally with two conducting spin-polarized channels, as an ideal system to probe the dynamics 
of Majorana fermions. We address how the two-channel Kondo physics and its emergent Majoranas 
arise and we determine the universal crossover function describing the Fermi-liquid to non-Fermi 
liquid region. Remarkably, the same universal form emerges both at weak transmission and large 
transmission. We find that the charge relaxation resistance strongly increases in the non-Fermi 
liquid realm. Our findings can be measured using current technology assuming a large cavity. 
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The need for fast manipulation and readout of quan- 
tum coherent circuits, notably in the perspective of quan- 
tum computation, has been a strong motivation to inves- 
tigate the dynamical response of nanoconductors [1] . Ex- 
cited at frequencies lo in the quantum regime, fiuj ^ ksT, 
the systems evolve due to the intriguing interplay of 
correlation and quantum coherence effects. The quan- 
tum RC circuit [5], a quantum dot attached to a sin- 
gle lead and polarized by an external AC gate volt- 
age, has emerged as the archetypical system for study- 
ing the dynamics of coherent circuits [5HTT]. Recent ex- 
periments [12] on quantum hydrid structures combining 
microwave resonators [13] with semiconductor or nan- 
otube quantum dots offer an alternative perspective to 
measure the admittance of quantum circuits. The ex- 
istence of a quantized [13] charge relaxation (AC) re- 
sistance Rq = h/(2e^) in the quantum RC circuit has 
been shown [TS] (and measured [2 ) to originate from 
the Fermi liquid (FL) nature of low energy excitations 
where the elementary quasiparticles are non-interacting 
fermions. A deep connection [3] has also been drawn be- 
tween the quantized resistance Rq = h/e^ for large dots, 
the Shiba relation and the one-channel Kondo model in 
RC circuits [H] close to the charge degeneracy points. 

In this paper, we investigate the non-Fermi liquid 
(NFL) situation where the elementary quasiparticles are 
Majorana fermions |17j . This description naturally ap- 
plies to the quantum RC circuit with spinful (spin unpo- 
larized) electrons and a large cavity (dot) [I8l - l20] and is 
associated to the two-channel Kondo model [5T] . It could 
be extended to the case of the helical edges of quantum 
spin Hall states [2^1 - [M) . The proof of the existence of Ma- 
jorana fermions has engendered a spurt of experimental 
efforts in condensed-matter systems [25H27] . 

In the quantum RC circuit with two conducting (spin) 
modes, the singular points where subsequent charge 
states are degenerate produce NFL behavior at interme- 
diate energies and for all gate voltages, while a crossover 
to FL physics is recovered at low energy [25]. The 



crossover energy scale vanishes at the charge degener- 
acy points. Here, we provide an analytical expression 
for charge fluctuations in the universal crossover bridg- 
ing the FL and NFL regimes: the resistance now starts 
at Rq = /i/(2e^) for a large cavity and rapidly increases 
with energy towards the NFL region. We believe that 
our full description in the NFL regime is also relevant 
for the charge dynamics of a topological superconductor 
hosting Majorana fermions at their edges [29] . 

The system under study comprises a large (metal- 
lic) quantum dot attached to a lead via a quantum 
point contact (QPC) with a single spin-unpolarized chan- 
nel [HI [ini ISni [3T]- The quantum RC circuit could be 
equally built at the helical edges of quantum spin-Hall 
insulators [11]. Electron confinement implies a charging 
energy Ec — e^/(2Cg), where Cg is the capacitance of 
the dot, and the interaction term He = Ec{N — Nq)'^ 
in the Hamiltonian. Nq is the dimensionless gate voltage 
and the operator eN gives the electron charge on the dot. 
This charge exhibits fluctuations, as a result of electrons 
tunneling in and out the lead, and defines the capacitance 
Co and the charge relaxation resistance Rq from the low 
frequency expansion [15] 

e\cH ^ Co {1 + iL^CoRq) + Oiuj^) (1) 

of the retarded charge susceptibility xdt ~ t') — i&{t — 
t'){[N{t),N{t')]). Below, we address the extreme cases 
of weakly transmitting and almost transparent QPC. Al- 
though the mapping [15] to the two-channel Kondo model 
holds rigorously only at weak transmission and close to 
charge degeneracy, Matveev has argued that it influences 
the whole phase diagram. In fact, the effective model 
derived near perfect transmission can be shown 1301 to 
be equivalent to the Abelian bosonization approach to 
the two-channel Kondo model at the Emery-Kivelson line 
[32] , even in the presence of channel asymmetry [31] . 

We proceed and consider first an almost open dot with 
weak charge quantization. The model can be reduced to a 
one-dimensional form with coordinate x, the region x < 



2 



defining the lead and a; > the (infinite) dot. Electrons 
are weakly backscattered, with amplitude r <C 1, at the 
boundary a; = 0. In this regime, spin and charge excita- 
tions occur at well-separated energy scales, r^Ec ^ Ec, 
and the system is conveniently described using bosoniza- 
tion [331 [M] in the spin and charge sectors. The Hamil- 
tonian takes the form H = Hq + Hbs + Hc^ 

/oo 
dx{['Kli^{x)f + [dMx)Y) (2a) 
-OO 

Hbs = cos (^0c(O)) cos (^0.(0)) (2b) 

and the charge of the dot is given by (e\/2/7r)(/)c(0). The 
sequence of transformations on the spin fields that follows 
is inherited from Refs. [30l[35]: (i) an even/odd parity 
decomposition of the spin field decouples the odd part, 
since only (psiQ) appears in He + Hbs- The even part 
is defined as (f>i{x) — (0s (a;) + (j>s{~x))/ \/2 for a; > 
(same for n^). (ii) one defines the chiral field (f>{x) — 
L(|a;|)-|-7rsgna; /g"^' dylli{y) unfolded onto the complete 



a;-axis. (iii) In Eq. (2b), cos (•\/2(/)s(0)) — cos0(O) is 
refermionized with 



(3) 



introducing explicitly the local Majorana fermion a 



a2 



1/2, and a is a short-distance cutoff. In fact, only 
the imaginary part (chiral Majorana fermion) of the field 
r){x) = (tpix) — ijj'^ {x)) / {i\/2) appears in Hbs and the 
real part is decoupled. 

Following these transformations, the action reads S — 
Sf + Sc + Sbs- Sf describes a free chiral Majorana 
fermion ri{x) and a free local Majorana fermion a with the 
unperturbed Green's functions G^\k,uj) — {uj — VFk)^^ 
and Gf\Lj) ^ 



(4a) 



the refermionized action is an exactly solvable Majorana 
resonant level model [32]. The Lorentzian-shaped spec- 
tral function for the Majorana fermion a has a width 
r = (SEcj/tt^) cos2(7riVo) such that T ~ r'^Ec < Ec- 
Below the energy scale F, spin excitations are quenched 
and the NFL renormalization flow stops. The local Ma- 
jorana fermion a is indeed screened and a crossover to a 
Fermi liquid regime is established [30j . 

In order to compute the charge susceptibility, we need 
to extend the analysis of Refs. [301 EZj- Instead of inte- 
grating the action Eq. (4a) over the whole charge mode 



(/)c, we stop the integration at the intermediate energy 
scale A such that F <C A <C Eq- By doing so, the mas- 
sive part of the charge mode is almost fully integrated 
while we can still describe interactions between the spin 
and charge modes at energies ^ F. To leading order in 
r <C 1, the factor cos (a/20c(''') + TriVo) in Eq. (4a) is 
substituted by its average 



ttNo 



cM</'cM>e>A 



(5) 



where {(f>c{T)(l)c{T))e>A ^ (1/2) ln(a;£,7r/2£'c), ujd = 
vf/^ci is the high energy cutoff of the initial model re- 
quired by linearization of the spectrum [,38 , and In 7 ~ 
C ~ 0.5772 is the Euler constant. The field 0[.(r) con- 
tains the low energy part of the charge mode. 

The controlled expansion of the cosine in Eq. ([s]) is then 
justified by the reduction of available energies, notably 
(0^(T)0[.(r)) ~ {K/EcY' <C 1. A second order expansion 
yields the effective action S = Sf + Sl. + Sgg + S'^^ -I- 
Sbs where the Coulomb interaction part S^. keeps the 
structure of Eq. (4a I but with \ujm\ < A. Furthermore, 



Sbs — *v^2r 



dT-q{T)a{T), 







^BS 



^BS — 



2iVrtan(7riVo) / dr (t)[{T) rj{T) a{T), (6) 
Jo 

2f f^dr [</>i(r)]%(r)a(r). 
Jo 



Sbs ^"iro / dr ?7(r) d(T) cos (^V2Mr) + T^No), (4b) 



where tq = 2vf r y/2/TTa, ri{T) = ri{x = 0, r) and (t>ciT) = 
(j)c{x = 0, r). The charge part Sc has been obtained after 
integrating out the field (pdx) except at a: = 0. The field 
(/)c has been shifted to transfer the gate voltage Nq from 
the interaction term to the backscattering term. 



As Eq. (4a) shows, the charge mode is massive and. 



below the charging energy Ec, 4>c{t) is pinned to zero. 
To leading order in r, a complete integration over the 
charge field (/)c results in — in Sbs and a renormal- 
ized rg . In analogy with a barrier in a g — 1/2 Luttinger 
liquid |36| . the backscattering term Sbs is a relevant per- 
turbation that leads to NFL corrections. Fortunately, 



In the rest of this paper, we shall consider the zero tem- 
perature limit /3 — )■ 00 [39]. The action part SF+S^+S^g 
defines a non-interacting quadratic problem for which the 
unperturbed Green's functions are readily computed, for 
instance (retarded ones) 



1 



TrViiEc) 



1 — ICUTT/ ( ZEc) 



oj -\- tL i — luj'ii I \ An/c: 

'(7) 

Here, refers to the Fourier transform. In the case 

of vanishing backscattering, r — Q, one obtains the sus- 
ceptibility xc(^) = {2/n^){<i>[{T)4>\(Q))^ from Eq. (0. 
Compared with Eq. ([ij, this readily gives the quantum 
capacitance Co = Cg and the charge relaxation resistance 
Rq = /i/(2e^), half of the result of spinless electrons [3]. 



3 



The correction S^g + S%g is included perturbatively, 
Xc = Kq + Ki + K2, Kq is the above result for r = 
0, Ki conies from the second order expansion of S]^g 
and K2 from the first order expansion of 5^5. After 
a lengthy but straightforward calculation, we obtain at 
zero temperature 

e^Koiuj)/Cg = a{uj), (8a) 
e^Ki{uj)/Cg = ~8-/r^sm''{nNo)aiij)^Ila^iuj), (8b) 



2n 



(8c) 



with a{uj) = (1 — iujTT /2Ec)^^ ■ The logarithmic singu- 
larity is cutoff by the charging energy Ec- na7,(r) — 
{ri{T)a{T)rja) is a polarization operator computed from 
the quadratic part of the action with the result 



liarM = -(1/2^) [ln(£;c/r) + P{lo/T)] , 
P{x) = -(1 + 2i/x) ln(l - ix). 



(9) 



The function /3(a;/r) describes the crossover between the 
FL and NFL responses for w <C F and w ^ F respectively. 
For a; ^ F, we use the expansion 



I3{x) ~ -2 -f -f ix^/Q - 2,x^/2Q -t- . 



a;< 1 (10) 



inserted in Eq. Q and compare with Eq. ([I]) to extract 
Co and Rq. At vanishing frequency, the static susceptibil- 
ity, and Co , coincide precisely with Ref . |30| . Remarkably 
and similarly to the spinless case, we find no correction to 
the charge relaxation resistance Rq = ft./(2e^) for r 7^ 



due to the absence of a linear term in Eq. (10 1. This 



result is confirmed by the Fermi liquid approach elab- 
orated in Ref. jl5j where lead electrons are coherently 
backscattered at a: = with a phase shift proportional to 
the static charge susceptibility ^33]. One can then derive 
the Shiba relation and show that Rq = /i/(2e^) for an 
arbitrary transmission of the QPC. Note that F vanishes 
at iVo — 1/2 where the system is always a NFL. 

We now turn to the opposite limit of weak transmission 
of the QPC. The system is adequately described [21 US] 
by the tunnel Hamiltonian H = Hq + He + Ht where 



Ht = t 



E 



(11) 



k,k' ,s=f,l 



transfers electrons between the (large) dot and the lead 
with operators Ck and dk respectively; the index s refers, 
e.g., to the two spin polarizations. The free electron 
part reads Hq = X]a=c d s ^k'^ke'^ks for dot and lead elec- 
trons. Ht either decreases or increases the dot charge 
by one unit and thus does not commute with He- Far 
from charge degeneracy, the perturbative approach of 
Ref. [5 can be reproduced with an additional factor two 
that accounts for spin degeneracy. One readily obtains 
Rq = /i/(2e^), again in agreement with the Fermi liq- 
uid picture. Perturbation theory however breaks down 



close to charge degeneracy A^o — 1/2 where NFL physics 
starts to play a role. In this region, the charge states 
other than and 1 can be disregarded and a mapping to 
the two-channel Kondo model formulated [31 US] where 
the two charge states are represented by a spin 1/2 
with N = ^ + Sz- The vicinity to charge degeneracy 
ho = Ec{l — 2No) defines a local magnetic field coupled 
to Our study of charge fluctuations is then trans- 
lated to a study of the local spin susceptibility in the 
two-channel Kondo model. 

For ho ^ Tk, where Tk is the Kondo temperature, 
two regimes have been identified |21| in the renormal- 
ization group (RG) analysis: NFL properties dominate 
for frequencies (energies) ho/Tx < OJ < Tk while a FL 
response is obtained at smaller frequencies uj < h^/TK- 
The crossover is investigated analytically using the SO (8) 
representation [10] of the two-channel Kondo model, 
which provides a simple description of the NFL fixed 
point [inns]. The bulk fermions, with two spin species 
and two channels, have a non-local representation in 
terms of eight chiral Majorana fermions. With no im- 
purity, the free Hamiltonian reads 



^0 - 



-IVp 



E 



+00 



dxX]{x)d^Xj{x)- (12) 



The Majorana fermions Xi,2,3 generate the spin current, 
X4 5 g the flavor current and X7, xs the charge current. 

In the presence of the Kondo impurity coupled only to 
the spin current, the NFL infrared fixed point is sim- 
ply characterized by the twisted boundary conditions 
;^^(0-) = -Xj(0+) for j = 1,2,3. Absorbing this 7r/2 
phase shift into a redefinition of the fields, Xi,2,3(2;) — 
sgn(x)xi,2,3(2;), one recovers the free Hamiltonian form 
Eq. ( [l2| also at the infrared fixed point. A finite lo- 
cal magnetic field ho destabilizes this fixed point with 
the relevant perturbation [41] ifb = *(^o/ \/TkI'Vf)X\o, 
of scahng dimension 1/2, where xi = Xi(0)- The lo- 
cal Majorana fermion a describes the residual impurity 
spin. The Hamiltonian Hj a = H^ + H\, is equivalent to 
the two-dimensional Ising model with a boundary mag- 
netic field, a correspondence that has been used to cal- 
culate the one-body Green's function along the FL to 
NFL crossover [42 . For energies lo ^ Kq/Tk, the rele- 
vant boundary term iJb restores the continuity of Xi{^) 
at X = 0. We recover a Fermi liquid as the even number 
of twisted fields (x2 and xs) indicates. 

Quite generally, the impurity spin can be expanded 
over the different operators allowed by conformal field 
theory (CFT). At low energy, the leading term is 



Sz = 




Xia, 



(13) 



in accordance with H^. The spin susceptibility Xs(t) = 
— {vf/Tk) {xi{''')0'{t)xio) is obtained by noting the 



4 



equivalence between the Hamiltonian Hm and the 
quadratic action Sp + S^s^ derived in the large trans- 
parency case. We identify "q = Xi and 2T = Hq/Tk and 
find 



f 



27tTk 



In 



K 



- /3(u;/r) 



(14) 



describing the FL-NFL crossover. At large frequency 
a; ^ r, the spin susceptibility exhibits NFL features 



I 



2ttT, 



K 



In 



Tk 



ITT 

~2 



(15) 



in agreement with the prediction of Conformal Field The- 
ory [5T] and Abelian bosonization [32]. The absence of a 
linear term in Eq. ( 10 1 requires, for the calculation of Rq, 
to include the leading irrelevant perturbation to -ff/j^, 



SH 



2ttv 



3/2 



(16) 



The only linear in frequency correction to the spin 
susceptibility comes from the vertex correction, shown 
Figjlja), Sxsioj) = Xso('^)ne(a;)xso(w) where ne(a;) is 
the electron-hole pair susceptibility. At zero tempera- 
ture, Ile{uj) = iTTUJ, interpreted as the dissipation pro- 
duced by electron-hole excitations. Expanding the spin 
susceptibility Xs — Xso + ^Xs to linear order in w, we 
arrive at the Shiba relation 



Imxs(w) = hnoJXsiOf 



(17) 



equivalent to the charge relaxation resistance Rq = 
/i/(2e^). This result confirms the validity of the Fermi 
liquid picture [TS] also at low transmission. 

Writing Xs — Xi + *X2, a frequency-dependent charge 
relaxation resistance can be defined from Rq{io) = 
{fi/e'^)X2{^)/i^Xi{^))- At frequencies oj <C Tk, we ex- 
tract the universal form 



Rq{u) 

h/e^ 



Im/?(a;/r) 
uj B + ReP{u}/T)' 



(18) 



with A = Tk/T. The dimensionless function <I>(x) is 
plotted in Figjljb) for different values of B = ln(rA'/r). 

Remarkably, the same scaling form involving the func- 
tion $ is obtained in the opposite limit of weak backscat- 
tering. In the scaling limit where A^'o — > 1/2 and uj ^ Ec, 
one has a{uj) ~ 1, sin(7rAo) — 1, K2 — and ATq ^ Ki 
in Eqs. Q. As a result, one recovers Eq. (18 1 for the 
charge relaxation resistance Rq with B = ln(£'c/r) and 
A = Ec/i^ir^ F). 

To summarize briefly, we have shown that the presence 
of Majoranas in a quantum RC circuit results in a sub- 
tle charge dynamics which can, in principle, be revealed 
using current technology [39j. The FL to NFL crossover 




FIG. 1. (a) Vertex correction to the spin susceptibility Xs to 
second order in 5H. (b) Dimensionless function ^{uj/T) for 
-B = 5, 7, 10 (solid, dotted and dashed lines). We note that 
the quantized result Rq = h/2e^ , recovered at zero frequency, 
is not visible in this plot obtained in the scaling limit y4 2> 1. 



produces a visible increase of the charge relaxation re- 
sistance which can be probed through admittance mea- 
surements. We anticipate that a similar crossover should 
also be relevant for a superconducting wire supporting 
Majorana fermions at his edges [521 HH] ■ Majorana 
fermions can also be detected using an optical cavity [43] . 
Other interesting directions concern the role of an asym- 
metry between channels which can be engineered through 
Zeeman effects for example [33] . 
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